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Abstract

In their technical report “On the bitopological nature of Stone duality”
Jung and Moshier axiomatise a bitopological space as a d-frame, which
can equivalently be described as a partial frame, a structure with two or-
ders, one being a special Scott domain and the other a complete lattice.
The rich interaction of these two orders arises from a ternary operation on
distributive lattices and is informally known as the 90-degree-lemma. Mo-
tivation for considering a second order originates in Belnap’s four-valued
logic. The infinitary connections of the two orders are based on a set of
axioms which are derived from the Stone duality for bitopological spaces.
In this paper it is shown that the axioms given by Jung and Moshier
contain some previously unknown redundancies. The redundancies yield
an isomorphism of two categories, one having special Scott domains as
objects and the other a certain type of complete lattice.

Introduction

The 90-degree-lemma is a purely order-theoretic fact about bounded distributive
lattices. Nevertheless it proves to be particularly useful when working with
Belnap’s four-valued logic [1]. The set of truth values 4 Belnap uses can be
equipped with two different orders. One of them can be thought of as the logical
order and the other as measuring informational content. Accordingly the top
element in the information order, usually denoted as T stands for too much or
contradicting information, whereas the least element | means no information.
The classical boolean truth values “true” and “false” will be denoted by ¢ and f.
The four values can be presented as subsets of the classical set of truth values by
1 ={}, t = {true}, f = {false}, T = {false, true}. The figure below illustrates
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why the relation between the two orders is described by “90 degrees”.
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One can see that by rotating the diagram by 90 degrees! we obtain the Hasse
diagram for the other order, and this operation is reversible. This fact has been
coined the 90-degree-lemma by A. Jung and M. A. Moshier [6]. In the following
we study the translation operation more closely.

1 The 90-degree-lemma

The basis for the 90-degree-lemma is a ternary operation on distributive lattices,
which has been studied for at least 60 years. G. Birkhoff and S. A. Kiss [2] define

(a,byc) = (aNb)V (bAc)V (cAa). (1.1)

By a simple transformation using the distributive law one finds this to be equal
to

(aVbO)A(BVe)A(cVa). (1.2)
This is only one of the many symmetries this term possesses. We shall use
a notation that fits our intuition better and write a IZI ¢ = (a,b,¢). Other

symmetries of the ternary operation (1.1), collected from works by G. Birkhoff
[2] and A. A. Grau [4], are

al;lc=b|;|c=bl:la7 (1.3)
al;laza7 (1.4)
al;lbzblglazb7 (1.5)
(al;lc)l;le:(azle)lgl(cge), (1.6)
(al;lc)l;la:alglc, (1.7)
(al;lc)l;ldzalg(clgd) (1.8)

Imore precisely reflecting at the diagonal



Further, where the complementation operation’ in a bounded distributive lattice
is defined? we have

aI;Ib':b’IZIaza, (1.9)

al;la' = b, (1.10)

afle = (anb)M(bMNe)MN(cMa) (1.11)
b T x’ x x’ x

The following is the 90-degree-lemma as stated in [6, Prop. 3.2].

Proposition 1.1. [90-degree-lemma] Let (L,V, A, f,t) be a bounded distributive
lattice and (T, L) a complemented pair, that is TV L =t and TAL = f. Then
by the operations

xMNy = ANL)VyAL)V(zAy) (1.12)
(AT)VIYAT)V(zAY) (1.13)

rUy = Y

z I

il
z

L
one obtains another bounded distributive lattice (L,M,U, L, T) in which (f,t) is
a complemented pair. Moreover, the operations V, A\, TN, distribute over each
other. By substituting [ for L, t for T, 1N for V and U for V in (1.12) and
(1.18) one one can recover the original lattice operations.

We will refer to the order C induced by M as the information order and to
< induced by A as the logical order on L.

The proof of this can be easily obtained from the symmetries and identities
of the ternary operation. The operation M is associative by (1.8), commutative
by (1.3), idempotent because of (1.4) and L is the least element by (1.5). The
absorbtive laws are derived from (1.6) and (1.11). The distributive law for M
and U is exactly (1.6). Also by (1.6) one can see that A, V,M and U distribute
over one another. Complemented pairs are mutually preserved by (1.10).

G. Birkhoff mentions the 90-degree-lemma as presented above in his paper
in the following form.

Define a pair {(a,b) in a distributive lattice L to be complementary if

VeeL.alb=ux. (1.14)
xT

Then xMNy=zNy,zUy ==z I;I y yields a distributive lattice structure on the
a

lattice L. What Birkhoff did not mention is that his notion of a complementary
pair {(a, b) is actually equivalent to the lattice L being bounded and (a, b) being
a complemented pair therein.

Indeed, it is readily seen that if 0,1 are least and greatest elements of L,
then (1.14) implies that (a,0,b) = a Ab = 0 and (a,1,b) = a Vb = 1 which

2Grau proves these identities for the ternary operation on boolean algebras, but they remain
true in a bounded distributive lattice.



means that (a,b) is complemented in the classical sense. Conversely, suppose
(a, by satisfies (1.14). Then for all L <aAband T > a Vb we have

(a, L,b) = ((aVvb)AL)V(aAD)
= alNa=_1

(@, T,0) = ((aVvb)AT)V(aAb)
= aVb=T

which shows that Vb is a maximal element in L and aAb is a minimal element in

L. Now in a lattice maximal and minimal elements are unique, so L is bounded

by a Aband a Vb and trivially (a,b) is complemented in the classical sense.
Grau shows in his work [4] that on a boolean algebra the function

is a self-inverse automorphism of the boolean algebra which transforms a into
b, that is

flamib) = f(a)f@)f(b),
fla) = b
2 = id.

Moreover, on a boolean algebra the ternary operation (1.1) is the only way to
realise a ternary boolean algebra structure in the sense of Grau.

The following fact can be thought of as a generalisation of Grau’s work, and
appears to be new.

Lemma 1.2. Let L be a set and (A, V) and (M,U) be two bounded distributive
lattice structures on L which distribute over each other. If 1 is the neutral el-
ement of Ul and T is the neutral element of M then equations (1.12) and (1.13)
hold. Consequently the neutral elements of one pair of operations is a comple-
mented pair for the other.

Proof. Suppose (A, V) and (M, 1) distribute over each other. We will only show
that
zNy=(xANL)VyAL)V(zAy)

since the equation (1.13) is proven in a dual way.

cAL)V(yAL)V(eAy)D(zNy)
cAL)M(zNy) V(AL N@0y)V((zAy) T (zMy))
cNy) AL)V((@ny) AL)V((zNy) A(zNy))
xNy)AL)V(zNy)

= xlly.

((
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Thus we know that 2 My C (z A L)V (yA L)V (zAy). Further

Ay A(@Ny) = ((zAy)Az)N((zAy)Ay)
= (zAy)N(zAy)
= Ay

(Vvy)A(zny) = (@A@@Vy)NYAVy)
= zlly

whence we have the inequalities
cAhy<zNy<zVy. (1.15)
Using this we calculate
(@AL)VynL)vizay)U(zny)
= (@An@ny)VyATy)V(zAy)
= (@nyA@Vy)V(zAry)
(1.15)
= rly.
Therefore t My J (z A L)V (y A L)V (x Ay) which by what is shown above
proves (1.12). Note that by swapping the roles of (A, V) and (M, ) one obtains
the corresponding expression of x A ¢ in terms of M, Ll and the neutral element
of V. With this it is easy to show that the neutral elements of A and V form a
complemented pair in (L, M, 1) and dually. O

Proposition 1.3. Let L be a set. Define a relation ~ on the set of all bounded
distributive lattice structures on L by saying that (A,V) ~ (M,U) whenever the
four operations distribute over each other. Then ~ is an equivalence relation,
and for each lattice structure (A,V) there is a bijection between the equivalence
class of (\,V) and the complemented pairs in the lattice (L,A\,V). More pre-
cisely, if (A, V) ~ (M,U) then the lattices (L, A,V) and (L,M,U) have the same
set of complemented elements. Moreover, for any two elements a,b in (L, A, V)
which have a complement, the function

fap(e) = (V' TT2) 1 (011 a")

defined on the complemented elements preserves all equivalent lattice operations
and maps a to b.

Proof. 1t is trivial that the relation ~ is reflexive and symmetric. Transitivity
of ~ follows from Lemma 1.2 and (1.11) and (1.6). For every complemented
pair in (L, A, V) the 90-degree-lemma provides us with a bounded distributive
lattice structure which distributes over the given operations A and V. Conversely
Lemma 1.2 provides that all such equivalent lattice structures arise by such a
complemented pair. By reversibility of (1.12) and (1.13) the correspondence
between equivalent lattice structures and complemented pairs is bijective. In
any bounded distributive lattice the elements which have a complement form a
boolean algebra. The stated properties of f,; follow from Grau’s work. O



2 The 90-degree-lemma without T

In this section we show that it is possible to reconstruct the original lattice from
one operation - [I - alone. We do this in two steps, which also will characterise

those semilattices which give rise to a bounded distributive lattice. First we
show that a semilattice obtained from a bounded distributive lattice satisfies
certain axioms and after that show that any semilattice which satisfies those
axioms induces a lattice structure on its set of points in the way of the 90-
degree-lemma.

2.1 The semilattice induced by a bounded distributive lat-
tice

Let (L, A,V, f,t) be a bounded distributive lattice and L € L any element. We
define a semilattice operation M as in (1.12). This induces the information order
on L and we write the lower set of an element in the information order as |z .
The following fact can be found in [3, Exercise 6.6, 6.12].

Lemma 2.1. Let (L,A,V) be a distributive lattice and L € L any element.
Then for allz,y e L, x AN L =yAN L andxV L =yV L together imply x = y.

Corollary 2.2. For any L € L the map x — (x A L,xV L) is injective.

This allows us to reason about elements of L as pairs (z A L,z V L). We
define the corresponding injective map which splits an element into its pair of
components as

0:L—>LxL, z—{xANLlzVv.l). (2.16)

Observe that for all z € L we have
zOf=zAL zNt=xV L

whence | f x |t is the product of the lower and upper sets of L in the logical
order. Hence the map § can be described as x — (2 f,2Mt) and taking values
in |[fx]t.

Using the expanded version of the semilattice operation M immediately yields
that on | f the information order agrees with the logical order, and dually on
|t the information order is the dual of the logical order. With this it is easy to
see that a pair in | f x [t is always disjoint in the information order, meaning
the information meet is the least element 1.

Lemma 2.3. The lower set of any T € L in the semilattice order C induced by
L is a (bounded) distributive lattice.

Proof. Suppose x C T. Expanding the definition we get

x=2NT = (@VLA(TVLA(xVT)
= (A(LVT)V(LAT),

r=2z0T = (@AL)V(TALV(@AT)
(@V(LAT)A(LVT).



Thus it is easily seen that © A (LV T) = 2 and VvV (L A T) = z. This shows
that that the lower set of T in the induced semilattice order is the interval
[(LAT),(LVT) in the lattice order. The converse is trivially true: The pair
(L, T) is complemented in the interval [(L A T), (L Vv T)], whence by the 90-
degree-lemma 1.1 the order C induced by L gives a bounded distributive lattice
structure with greatest element T. O

The above lemma tells us in particular that below any element in the semi-
lattice we can form binary joins. We denote the set of all pairs in | f X |t which
do have an information join by P.

Lemma 2.4. Let M be induced by distributive lattice operations A and V as in
(1.12). Then each x € (L,M,L) is the least upper bound of the disjoint pair
O(z) ={xMt,xM f).

Proof. Certainly both x Mt and x M f are below z in the semilattice order C.
Therefore by Lemma 2.3 we can use x to calculate their join:

@nt)u(znf) = (zvIl)u(zAl)
= ((zvDL)Az)vV(eAL)Az)V((xzVL)A(xAL)
= zV(@AL)V(@AL)
= zV@Al) ==z

O

In the next subsection we will prove that Lemma 2.3 together with Lemma
2.4 implies that 0 is an order-embedding which preserves meets and existing
joins.® We use this fact in the proof of the following proposition.

Proposition 2.5. For a semilattice operation M induced by an element L of a
bounded distributive lattice (L, A\, V, f,t) the following holds:

(i) For all triples z,y,z with z,y €[t and z €| f, the existence of x Uz and
y U z implies the existence of x Uy z.

(i) For all triples x,y,z with x €|t and y,z €| f, the existence of x Uy and
x U z implies the existence of Uy U z.

Proof. Note that (i) is equivalent to the statement (ii) for the opposite lattice
order (L, >), whence we prove only (i). Suppose z,y €|t and z €| f and the
joins zUz and yUz exist. That means (z, z) and (z, y) are elements of P. Since in
our setting the axioms () and (£) as described below hold, we know by Lemma
2.6 that the map ¢ is an order-embedding and LI its inverse, and furthermore
both maps preserve finite meets and existing joins. Now consider (zULz)V (yUz).

3In fact preservation of meets and existing joins is independent of the order-embedding
and only requires distributivity of lower sets of points.



Since § o Ll is the identity on P we know that (x Uz)Mt = (xUz)V L =z and
(zUz)Nf = (zUz)AL = z and similarly for yLz. We calculate §((zUz)V (yUz)).

((zUz)V(yUz)nt = ((zUz)V(yUz))VvLl
= ((zUz)vLl)Vv(yuz)vl)
(zVy)

= r Uy
(zUz)V(yuz)nf = (@U2)V(yUz) AL
= ((@Uz)AL)V(yuz)al)

= z2Vz=2z.

Thus 6((z U 2)V (yUz)) = (z,xUy) = (z,2) U (z,y) and since L preserves
existing joins we thereby have (zUz)V (yUz) = (zUz)U(yUz) =zUyUz. O

We summarise: The semilattice (L,M, L) induced by an element L of a
bounded distributive lattice (L, A, V, f,t) satisfies the following axioms.

(0) bounded distributivity. The lower set of any element is a bounded distribu-
tive lattice in the induced order.

(£) orthogonality*. The pair (f,t) is disjoint and the map x — (zM f)U (2 Mt)
is the identity.

(@) cube completeness. For all triples x,y,z with z,y €|t and z €] f, the
existence of x U z and y U z implies the existence of x Uy U z. A similar
statement for the existence of joins holds for x €|t and y,z €] f.

2.2 From the semilattice to the lattice

In this subsection we show that a semilattice which satisfies the axioms (¢) and
(D) supports a distributive lattice structure on a subset, and this subset equals
the whole lattice if also (£) is satisfied.

Suppose (L,M, L) is a meet-semilattice with bottom element and (f,t) is a
disjoint pair, that is f Mt = L. Further assume that L satisfies the bounded
distributivity axiom (Q). As in the previous subsection we make the following
definitions:

P :={(z,y) €l f x |t |x Uy exists}
0:L—P z— (zNfxnt)
¢:L—L, z— (zNf)U(znt)

Equipped with the product order, P is a meet-semilattice with least element
(L,1). Obviously ¢ is below the identity on L. It is clear that ¢ preserves

4The name orthogonality is chosen because of the axiom’s similarity to an orthogonal
decompostion of a Hilbert space.



binary meets:

§(xMy) ((xry)N f,(xNy)Nt)
((zf)n(ynf),@nt)n(ynt))
b

() M 6(y).

Also observe that P is the maximal subset of | f x |t where U is defined, and
¢ is the composition L o d.

Suppose (z,y) € P, i.e. Uy exists. Then, using the distributive law in
l(z Uy) one finds

(zuy)nf = (zUy)n(fn(zly))
= (@nN(zUuy)Nfiuyn(zuy)nf)
= (@nfiuyniy)

= zUl=2x
and similarly for (z Uy) M¢. Thus § o U = idp. Together with Lo § C idy,

5
this gives an adjunction L——=P. Then ¢§ as the left adjoint preserves all
U

existing joins and ¢ is idempotent by the triangular identity of the adjunction.
Furthermore the image LI(P) is the set of fixed points of ¢ and by doLl = idp the
map ¢ restricted to U(P) = Fiz¢ is a bijection. To summarise, 0 is a surjective
semilattice homomorphism which also preserves all existing joins and in case L
satisfies the axiom (£) we additionally have Fiz¢ = L and § is an isomorphism.
Dually U as a right adjoint preserves all existing meets, and by definition also
all existing joins. If (£) holds then U is the inverse of §. We note this result:

Lemma 2.6. If (L,MN, L) satisfies (0) and (£) —in particular if 1 comes from
a bounded distributive lattice by (1.12)- then § : L — P is an order-embedding
which preserves binary meets and all existing joins.

Proof. We have seen above that under the hypothesis of this lemma ¢ is an
isomorphism of meet-semilattices which also preserves all existing joins, since
it is a left adjoint. For the order-embedding suppose d(z) C d(y). Since U
is monotone and in this setting also the inverse of § we get © = U(d(z)) C

L(6(y)) = v L

Now we are ready to define new lattice operations on P which make f into
the smallest and ¢ into the greatest element. We embed f and t into P as

6(f) = (f, L) and 6(t) = (L,1).
(x, 2"y V (y,y) = (zNy,z" Uy) (2.17)
(x, ") Ny, y') = (zUy,2'1y) (2.18)
Remark. These operations can be defined on all of | f x |t which is a bounded

distributive lattice under C with smallest element (L, L) and greatest element
(f,t). However, in general | f x |t will have more elements than L, so we



would obtain some kind of completion of L where for example 1 has a comple-
ment. As we have seen working with P 2 Fiz¢ in the absence of (£) gives an
underestimation of L.

The next goal is to show that P is closed under the operations V and A. This
is the case precisely when for (z,z’) and (y,y’) in P the pairs (x My,z' Uy')
and (zUy,2'My’) have a join in L. Since these two existence problems are dual
by exchanging the roles of f and t we concentrate on finding the join of z Uy
and 2’ My’. Observe that if (x,2’) and (y,y’) are in P then also (z,2’ My’)
and (y,2’' My') are in P. Furthermore it is clear that the join of z Uy and
(' My)n (2’ Ny'), if it exists, must solve our original problem. Thus our
original existence problem can be reduced to a situation where we have pairs
(x,z) and (y, z). This is where our axiom (G7) comes in. It ensures the existence
of z Uy U z. To illustrate that the axiom (60) cannot be derived from (¢) and
(£) consider the following example:

In this semilattice the axioms (¢) and (£) are satisfied and (z, z) and (y, z) are
in P but zUyU z does not exist. One can also see where the name of the axiom
cube completeness comes from: The join x Uy U z completes the diagram to a

cube.
o rUylz

LN

@] (@]

XX
N

€1

We continue by examining the new lattice operations 2.17 and 2.18 more closely.
In the following we assume that L satisfies the axioms (&) and (£), in which
case L = P by the isomorphisms ¢ and U. As simple calculation shows that

(@, 2") Ay, ) ({, ") 0 (f, L) Uy, ) E L) U (G 2”) 1w, o)
= (@) U {f, )Ny y)u(f, )N (e,2") uly.y),

(@) V{y,y) = (@.2)N{L)uyy)n{LH))ule)nyy))
= ({z,2") U({L,1) N ((y,y) U (L) N ({,2") U (y,y)

Translating this from P to L using the isomorphism L yields the familiar and

10



more readable form

Ay = (@nfunfiu(zny
= (zuf)N(yuUf)N(zUy)
xVy = (zNH)U(yNt)U(zMNy)

= (zUt)N(yUt)N(zUy)

The axiom (B7) ensures that that the used joins exist. By use of the isomor-
phisms § and U it is also straightforward to show that the operations A, Vv, M and
where existent LI distribute over each other. Finally, if the semilattice operation
M was defined in a distributive lattice (L, A, V, f, t) via (1.12) then we know that
0(x) =(xAL,zVvL) andon | f the operations are M=V, U= A and on |t the
operations are M = A, LU = V. For pairs let A denote the new operation (2.18)
and inside pairs let A,V denote the lattice operations.

S(z)no(y) = (@AL)u(Aal)(@vL)n(vi)
= (@AL)AAL), (@VL)AyVL)
= (@ry) AL (zry) VL)
= d(xAy)
and similarly for 6(z)Vd(y). Suppose we start with a semilattice (L, M, L) which
satisfies the axioms (Q), (£) and (&7), and we have defined lattice operations V
and A on L as in (2.17) and (2.18). Using this structure (and abusing notation
again) we define a new operation M on P 2 L by
(z,2") N (y,y") = ((z, ) A (L, L)V (g, y') AL, L)V ({z,27) Ay, y)). (2.19)
Expanding the definitions of V and A one finds (z,2’) M {y,y') = (x My, 2’ MNy').

Thus the new operation M agrees with the original semilattice operation. We
summarise this section with the following theorem.

Theorem 2.7. (i) Let (L,A,V, f,t) be a bounded distributive lattice and L
an element of L. Define an operation I by

zNy=(@AL)VyAL)V(zAy). (2.20)
Then fMt = L and the meet-semilattice (L,M, L) satisfies the axioms (0 ),

(£) and @3).
(i) Let (L,N, L) be a meet-semilattice with disjoint pair (f,t) such that the az-
ioms (0), (£) and (D) are satisfied. Then L supports a bounded distribu-
tive lattice structure in which f is the least and t is the greatest element,

and the semilattice operation and the new lattice operations distribute over
each other.

(i11) If a semilattice operation M is given on a bounded distributive lattice L as
in (2.20) then construction (i) gives back the original lattice operations.

(iv) If a bounded distributive lattice structure is given on a meet-semilattice
by (2.17) and (2.18), then by (2.19) one obtains the original semilattice
operation.

11



3 Speaking categorically

We have seen that a bounded distributive lattice together with a distinguished
element is the same as a meet-semilattice with two distinguished elements that
satisfies the three axioms (¢), (£) and (@). In this section we examine which
morphisms are preserved by the translation described in section 2, thus exhibit-
ing an isomorphism of categories.

3.1 Morphisms of pointed semilattices

We start with an example which shows that the naive approach, which is to allow
arbitrary semilattice morphisms which preserve all distinguished elements, does
not suffice. Throughout this subsection we will let (L,M, L, f,t) be a meet-
semilattice with bottom element and (f,t) the distinguished pair of elements
such that the three axioms (0), (£) and (&9) hold, and similarly (M, A, A,0,1)
be another such structure. We call such structures pointed meet-semilattices
and denote the class of all such semilattices by psLat. We denote the induced
distributive lattices on the two pointed meet-semilattices by (L, A, V, f,t) and
(M,N,U,0,1). Suppose ¢ : L — M is a semilattice homomorphism which in
addition satisfies ¥(f) = 0 and % (¢) = 1. Consider the following example:

\ IOW)

* o o (@)Y (y)

l\\w(y)

+ wm\l / 1=(t)
$(L)

The corresponding lattices are

O 01

J 3
) VAN
\Of/ - \ J?/w@»

Now it is easy to see that 1 is not a homomorphism of distributive lattices
because 1 does not preserve the lattice meet of  and y. The problem is resolved
by requiring v to preserve all existing joins of the semilattice. As the following
proposition shows, a slightly weaker assumption can be made.

12



Proposition 3.1. Let ¢ : L — M be a semilattice homomorphism between
pointed meet-semilattices (L,M, L, f,t) and (M, A,/ 0,1). If ¢ restricted to
the lower sets | f and |t is a homomorphism of bounded distributive lattices
such that i restricts to bounded distributive lattice homomorphisms | f —]0
and [t —| 1 then ¢ is a homomorphism of the induced bounded distributive
lattices (L, A, V, f,t) and (M,N,U,0,1).

Proof. Observe that by hypothesis 1 restricted to | f or |t preserves finite
joins, and in particular ¢ (f) = 0 and ¢ (¢t) = 1. First we show that this implies
that 1 preserves all existing binary joins. Suppose z,y € L and x Ul y exists.
Then ¢ (z Uy) is an upper bound for {¢(z),¥(y)} and by the axiom () for M
the join ¥(z) Y ¥ (y) exists. We prove ¢ (z Uy) = ¥(z) Y ¥(y) by showing that
the images under dps : 2 — (z A 0,z A 1) agree. Recall that this map preserves
existing joins.

PEUy) A0 = P(@Uy) LY(f)

= P(zUdy)nf)
= (@0 fHuns)).
(W) Y P(y) L0 = ((2) L0) Y (d(y) L 0)
= (®(@) L 9(f) Y W(y) A 9(f))
= PEnf)YyPynf)
= P(@nfHuynsf))
P(xUy) A0

and similarly for the meet with 1. Now recall that d,; is injective on the pointed
meet-semilattice M. This proves that 1 preserves all binary joins. Finally,
to show that 1 preserves the lattice operations A and V simply expand the
definitions:

PEAy) = P(nfHulynfu(zy)
= (@) L0) Y (¥(y) A 0) Y (d(z) L ¢P(y))
= (@) Ni(y)
and similarly for the join V. O

We make the class psLat into a category by taking as morphisms the semi-
lattice homomorphisms which satisfy the additional conditions of Proposition
3.1.

3.2 Morphisms of pointed lattices

We shall call a bounded distributive lattice (L, A, V, f,t) with a distinguished
element 1 a pointed bounded distributive lattice and denote the class of these
structures by pbdLat.
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Proposition 3.2. Let v be a homomorphism between pointed bounded distribu-
tive lattices (L, A\, V, f,t, L) and (M,N,U,0,1,A) which preserves the distin-
guished element, i.e. (L) = A. Then ¢ is a homomorphism of the induced
semilattices (L,M, L) and (M, A, D).

Proof. Simply expand the definitions:

Y(ENy) = (AL V(yAL)V(zAy)
= (Plz)NA)U (P(y) NA)U (P(x) Nep(y))
= Y(x) AY(y).

O

We make the class pbdLat into a category by taking as morphisms those
lattice homomorphisms which preserve the distinguished element. Propositions
3.1 and 3.2 yield

Theorem 3.3. The categories pbdLat and psLat are isomorphic.

4 Order properties of the information order

In this section we examine the properties of the pointed meet-semilattice (L, M, L, f, t)
more closely and relate them to the order properties of its corresponding pointed
bounded distributive lattice. In particular we investigate under what hypotheses
joins exist.

Definition 4.1. Let (L,M, L, f,t) be a pointed meet-semilattice and (a,b) €]
fxlt. A set of the form

F,.={zeLjznNf=a} (4.21)
is called a slice of L and a set of the form

Gy:={zxeL|xNt=>} (4.22)
is called a coslice of L.

Lemma 4.1. Let (L,M, L, f,t) € psLat and a T f. Then on the slice F, the
logical order < coincides with the information order. Furthermore F, is closed
under all existing information joins. Dually, on the coslice Gy for b T t the
information order is dual to the logical order and Gy is closed under all existing
information joins.

Proof. By the order-embedding § we know that for z,y € F, we have x My =z
if and only if (zMy)V L =2V L. In the other component we have (zMy)A L =
a = x A L always true. Expanding the operator MM in logical terms and using
sANL=yANLl=a<1lweobtainzMNy==ziff (zAy)V L =aV L. Together
with the trivial equation (x Ay) A L =z A L we get Ay = x by distributivity
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of (L,<). Conversely, if x A y = x holds then by what is stated above we
immediately get x My = x.

Suppose X C F, and the join | | X exists in L. This is in particular an
C-upper bound for X and hence L A||X < a. Because of @ < L it is not
hard to see that also a V| | X is an C-upper bound for X which is lower in the
information order. Indeed, L A (aV||X)=aand LV (aV|]|X)=LV[]X.
By minimality then a V| | X = | | X and hence | | X € F.

One proves the claims about the set Gy, in exactly the same way, by reversing
the logical order. O

4.1 Bounded completeness

Lemma 4.2. Suppose (L, <) € pbdlLat and L is ils distinguished element. De-
fine the information order T on L by the semilattice operation (1.12). Then
y € L is an upper bound for a subset X C L in (L,C) if and only if

IAy<IAAXand Lvy>1v\/X (4.23)

Proof. From Proposition 2.6 we know that y is an upper bound for X in (L,C)
if and only if

Vee X. IAy< L Axand LVy>_1Vaz. (4.24)

Now just observe that LAAX = A cx LAzand LVV X =V v Lve O
Remark. If y is an upper bound for X in (L,C) then

Lay<IaAX<AX<\VXx<iv\/X<lvy (4.25)

Corollary 4.3. An element y of L is the join of a subset X in the information
order induced by an element L if the equations

LAny=lAAXand Lvy=1v\/X (4.26)

hold.

Proof. The equations (4.26) imply (4.23), so if y satisfies (4.26) then y is an
upper bound for X in the information order. Further it is clear that y and X
have the same upper bounds in T, whence y =| | X. O

We will show that if (L,<) is a complete lattice then (L,C) is bounded
complete. Suppose X C L has an upper bound T in the information order C.
We define a candidate for the least upper bound:

&= (T/\\/X)\//\X:(T\//\X)/\\/X (4.27)

First we prove the equality in the above definition.
(T/\\/X)\//\X (T\//\X)/\(\/X\//\X)
(T vAX ) n\ X
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These two dual definitions of & will as usual shorten the following proofs. We
compute ().

TAL

((T/\L)/\\/X)\/(L/\/\X)
(T/\L)\/(L/\/\X)
LANX

(4.25)

(4.25)

Dually one obtains
dvi=1v\/X.

By Corollary 4.3, & is the information join of X. We summarise

Theorem 4.4. If (L,<) is a complete distributive lattice then (L,M, L) is
bounded complete.

Note that although the definition of  depends on the chosen upper bound
T, all terms involving T eventually drop out of our calculations and the join of
X in the information order is independent of T.

Corollary 4.5. If (L,<) is a complete lattice then (L,M, L) has non-empty
meets.

Proof. If X C L is non-empty then the set of lower bounds of X in the informa-
tion order C is bounded above by an element of X. By Theorem 4.4 the lower
bounds of X have a join. O

Also observe that in case a subset X is finite and bounded by an element
T, the structure of the join | | X is the same as in (1.13), whence below any
element T of (L, C) the finitary joins and meets U, M distribute over each other.

4.2 Directed completeness

Another type of subsets of (L, C) which we would like to have joins is directed
subsets. If we restrict our attention to complete lattices (L, <) then directed
completeness is equivalent to (L,C) being a Scott domain. We start by ex-
hibiting a class of lattices which in general fail to be directed complete in the
information order.

Lemma 4.6. If (L, <) is a regular frame then for all L € L there exists a filter
F C L such that
Vre FFav 1l =tand /\Fgﬂi

where =L denotes the pseudocomplement of L.

Proof. Recall that a poset is called regular if every element is the join of elements
well-inside it. In a frame the well-inside relation can be described as

uZ 1l 1V-u=t.
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Observe that L V —-u = ¢ implies u < 1. Pick L € L and define F' =
{-u € L|u< L}. Clearly all elements in F have join ¢ with L. We show that
F is afilter. Since — is an antitone operationon L and v’ <u € L = v € L we
know that F' is an upper set. Suppose u and v’ are well-inside |. By hypothesis
L is a Heyting algebra, whence —(u V u') = —u A =’ (see [5, chapter I]). Then

(uvu)VLI=(uA-u)VL=(uVLI)A(-u'VL)=tAt=t

so the elements well-inside 1 have finite joins and F' has finite meets. By
hypothesis L is regular, so L = \/u@_ u. Then

L/\/\F: \/u /\/\F

uZ L
= \/ (u/\/\F)
uZ L
= V=t
u<g L
which shows that A FF < —L. O

Lemma 4.7. Let (L, <) be a complete lattice and L an element of L such that
there exists a filter F C L with

VxEF.a:\/L:t(mdl/\/\F:f.

Then F is directed in the information order (L,C) defined by L and has an
upper bound if and only if L has a complement in the logical order <.

Proof. By hypothesis F is a filter, so in particular downward directed in the
order <. Recall that on | I the information order C is the dual to the logical
order, so the set {x A L |z € F} is (upward) directed in the logical order. By
hypothesis (L V -) is constant on F, so in particular the set {x V L |z € F} is
directed in the information order. By the order-embedding § then F' is directed
with respect to C. Suppose that y is an upper bound for F in (L,C). By (4.23)
then

ynLl < LANF=7,

yvLl > Lv\/[F=t

Hence y is the complement of L. Conversely, if | has a complement in the logical
order then the complement is the greatest element of (L, C), so in particular an
upper bound for F. O

Lemma 4.6 and Lemma 4.7 together yield

Proposition 4.8. The meet-semilattice (L,M, L) induced by an element L of
a regular frame (L, <) is a Scott domain if and only if L is complemented.
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Since the interesting examples of pointed meet-semilattices fail to have a top
element we can conclude that in general the logical order should not be “too
rich”.

Theorem 4.9. Let (L, A,V, f,t, L) be a pointed bounded distributive lattice. If
(L,A,V, f,t) is complete and

1. every slice F, as defined in (4.21) is closed under all existing logical joins

2. every coslice Gy as defined in (4.22) is closed under all existing logical
meets

then the corresponding pointed meet-semilattice (L,M, L) is directed complete.

Proof. Let D C L be a directed subset of the meet-semilattice (L,M, L). We
show that the image of D under § has a join.

5(D):{<xdayd>ep|dED}, J)d:dﬂf,yd:dﬂt

For every d € D consider the set mq = {(v4,vye)|e € D}. These pairs are
elements of P because for d,e € D there exists an element ¢/ € D with ¢/ 3
Zd,Ye. Using the notation from Lemma 4.1 this is a subset of Fj,, of which
we know that on it the orders < and C agree. By completeness of the logical
order we can form the join \/ mg which by hypothesis must be in F,,. Hence
we can write | |7q = (4,| |.cp ¥e). We abbreviate y := | | ., ye. Now observe
that for all d € D the so-formed join is an element of the coslice G,. Again by
completeness one forms the meet A, | |74 which by hypothesis is an element
of Gy and therefore can be written as

L Gxa, [ ] we) = || L] (warme)-
deD eeD deDeeD

By a standard domain theory argument the above directed join equals | |, p{(za, ya)-

5 Order properties of the logical order

In this section we examine how a given structure on the information side reflects
back to the logical order. Throughout this section we assume that (L, A, V, f,t)
is a pointed bounded distributive lattice and (L, M, L) the corresponding pointed
meet-semilattice. In addition we assume that (L,C) is directed complete. For
the sake of brevity we will say that a set D C L is <-directed if D is directed
in (L, <) and similarly C-directed if D is directed in (L, C).

5.1 Heyting implication

We show that directed completeness of the information order suffices to show
existence of a wealth of Heyting implications on the logical side.
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Theorem 5.1. Let (L,M, L) € psLat directed complete. We denote intervals in
the information order by [-,-].

(i) Every slice Fy, has a C-largest element which is the logical Heyting impli-
cation L = a. Hence every slice is an interval [a, L = a].

(i) The interval [a, L = a] is a Heyting algebra under the logical order which
coincides with the information order on this set. Consequently, if (L,M, L)
is also bounded complete then [a, L = a| is a frame.

(iii) Every coslice Gy has a C-largest element which is the logical Heyting im-
plication in the lattice (L, <)°P, denoted by b < L.

(iv) The interval [b,b < L] is a Heyting algebra in the information order which
is the opposite of the logical order on this set. Consequently if (L,M, L) is
also bounded complete then [b,b < 1] is a frame.

Proof. Since (ii7) is dual to (i) and (iv) is dual to (i7) we prove only (i) and
(7i). A proof for the other two items can be obtained by reversing the roles of
f and t.

First note that Fj, is <-confinal in the set {x € L|z A L <a}. Indeed, if
AL < athen x < xVa € F, Therefore, if a logical join of F, exists
then it must be the Heyting implication 1. = a. We know that on F, the two
orders agree by Lemma 4.1. Next observe that F, is directed. This follows
immediately from the fact that F, is closed under binary logical joins. By
directed completeness of (L,C) then | | F, exists. Then Lemma 4.1 states that
this join is an element of F,. This completes the proof of (7).

Now suppose b, ¢ € F,,. We want to show the existence of \/ {zx € F, |2 A b < c}.
Note that this is in general not the Heyting implication b = ¢ in all of L, whence
we use the notation (b = ¢),. Similar to the proof of (7) first observe that the
set D={xz € F,|x ANb=cAb}iscofinal in {x € F, |z Ab < ¢}, simply by join-
ing each element x with ¢ A b, which preserves the meet with | because both
b and c are elements of F,. Now it is clear by the distributive law that D is
closed under binary logical joins and thus D is C-directed. With Lemma 4.1
one shows that | | D must be an element of F,. Thus the Heyting implication
(b = ¢), exists and F, = [a, L = a] is a Heyting algebra. If in addition (L, C)
is bounded complete then [a, L = a] is a frame. This completes the proof of
(i3). O
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We visualise the intervals by the following diagram.

1l=fo

/ / 1=a o o bel \
Remark. In case a = L the Heyting implication (b = ¢) is indeed the Heyting
implication in all of L, which is due to the fact that F', = [L, f].

Remark. If (L, C) is directed complete then L has a pseudocomplement L = f
and a co-pseudocomplement ¢ <= | which is the <-smallest element x such that
lvz=t.

Corollary 5.2. If (L,C) is both directed complete and bounded complete then
for each x© € L the lower set of x in the information order is a frame.

Proof. Under the hypothesis we know by Theorem 5.1 that both [ L, f] and [L, ]
are frames, whence the image §(]z) = [L, 2 M f] x [L,x M ¢] is the product of
two frames and thereby a frame. Now recall that ¢ is an isomorphism which
preserves finite meets and all joins, and so does its inverse LI. O

5.2 Completeness

Theorem 4.4 says that completeness of the logical order yields bounded com-
pleteness of the information order. Now we show that under the additional
assumption of directed completeness the converse of Theorem 4.4 also holds.

Theorem 5.3. If (L,M, L) is bounded complete and directed complete then the
corresponding logical order on L is complete.

Proof. The axiom (&7) assures that the set §(L) = P C [L, f] x [L, ] is closed
under the operation

((z,2"), (w,y") = (@2’ y Uy')

which yields the logical binary join. We extend this operation to an infinitary
operation in a straightforward way.

Recall that if L under the information order is directed complete and bounded
complete then [L, f] and [L,¢] are frames. We therefore may form

(L]
|_| x M f and j |_| Mt
reX zeX
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Here |_|[J"t] indicates that we compute the join in [L,¢]. Our problem is that
the pair (m,j) may not be in P and therefore not represent an element of L.
First observe that since P is a lower set in [L, f] x [L, ] we have (m,xMt) € P
for every x € X. With the cube completeness axiom one can inductively show

that for all finite Xy C X the pair <m, leeXf x M t> is in P. Clearly the set

<m, | ] xm> X; C X finite

r€Xy

is C-directed in P and by directed completeness therefore has a join in P. By
Lemma 4.1 the join has first component m. Showing that the second component
is actually j is a standard domain theory argument and just relies on the fact
that [L,?] is a join-semilattice. Thus we have an element (m, j) € P such that

m:\/x/\L7 jz\/a:\/i. (5.28)
zeX zeX

Finally, note that J is not only an order-embedding in the information order,
but also in the logical order. Indeed, monotonicity is trivial, and if é(x) < §(y)
then

ALy ViyAnL)=(@Vvyy Al = yAnl
zvl)viyvl)=(@vyyvl = yv.l
which by distributivity implies 2 Vy = y. Hence (5.28) yields mUj =V X. O

Remark. Although logical meets can be constructed from logical joins, it is
worth noting that the meets have a similar presentation in terms of the infor-
mation order. From the construction of the logical join in the preceding proof
one can see that

MVMreX. flz=a) = fl‘l\/X:a
(VzeX.tnz=b) = tn/\X=b

We summarise the infinitary operations we have dealt with so far:

Theorem 5.4. Let (L,M, L, f,t) € psLat and (L, A, V, f,t, L) its corresponding
object in pbdLat.

1. (L,N, 1) is directed complete and bounded complete if and only if (L, A, V, f,t)
is complete and all slices are closed under all logical joins and all coslices
are closed under all logical meets.

2. Given directed completeness of (L,M, L), for any x € L the logical Heyting
implication | = x and the dual Heyting implication © < L exist. For all
pairs {(a,b) in [L, f] x [L,t] the intervals [a, L = a] and [b,b < L] are
Heyting algebras in the information order.
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3. If (L,N, L) is directed complete and bounded complete then the lower set
of any point in the information order is a frame.

4. If (L,N, L) is directed complete and bounded complete then the logical join
and meet is given by

\/ x

[L.7]
<|_| xl—lf>|_| HELL (5.29)

reX rzeX

[L.f]
A X | | zns u<|_|xr|t> (5.30)

zeX rzeX

5. If (L,\,V, f,t) is complete, all slices are closed under logical joins and all
coslices are closed under logical meets, then directed information joins are

given as
| o= A\ V@npu(ens). (5.31)

deD eeD
If a set X C L is bounded by T in the information order then the bounded

join s given as
|_|X:(T/\\/X)\//\X (5.32)

6 Another isomorphism of categories

Using the results of theorem 5.4 one is lead to reason about an isomorphism of
categories in the style of Theorem 3.3. From (5.29) and (5.30) one can see that
it is not enough for a morphism between semilattices to preserve the existing
joins, because the formulae make use of meets as well. It turns out that an
assumption similar to Proposition 3.1 is to be made.

Definition 6.1. A pointed meet-semilattice which is directed complete and
bounded complete is called a pointed Scott domain. The class of all such struc-
tures is denoted by pScottDom.

A pointed bounded distributive lattice which is complete and slices are closed
under joins and coslices are closed under meets is called a pointed complete
distributive lattice. The class of all such structures is denoted by pcdLat.

Proposition 6.1. Let v be a morphism between pointed Scott domains (L,M, L, f,t)
and (M, X, \,0,1) which in addition restricts to morphisms of the complete lat-
tices | f —]0 and |t —|1 preserving all joins and meets on these subsets of
L. Then v is a morphism of the induced pointed complete distributive lattices
which preserves all joins and meets.

Conversely, if ¥ is a morphism between pointed complete distributive lattices
(L, AV, fyt, L) and (M,N,U,0,1,A) which preserves all joins and meets and
also the distinguished element then ¥ is a morphism of the induced pointed Scott
domains which preserves finite meets, directed joins and bounded joins.
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Proof. All we need for the proof follows from the translations of the infinitary
operations (5.29) — (5.32) and the observation that if ¢ restricted to | f or |t
preserves all joins and meets in particular the distinguished pair and the bottom
element are preserved. O

Corollary 6.2. The categories pScottDom and pcdLat are isomorphic.

6.1 Examples

We conclude this paper with a class of examples which illustrate that the hy-
potheses in Theorem 4.9 are necessary and exhibits the relationship of this work
to [6].

Lemma 6.3. Let (S,M,U,0,1) be a bounded distributive lattice and L_, Ly C
S be sublattices such that {0,1} is contained in both of them. Define L =
{{z,y) € L_ x Ly |x Ny = 0}. Then L with the product order is a pointed meet-
semilattice with distinguished pair f = (1,0) and t = (0, 1).

Proof. First observe that the bottom element of L is L = (0,0). Since the
binary meet M in S preserves meets and joins in its arguments, we get that L
is closed under binary meets and the lower set of an element (x,y) of L is a
bounded distributive lattice. Hence L satisfies the axiom (¢). Further by the
distributive law M (yUz) = (xMy)U (zUz) it is easy to see that L is also cube
complete. The orthogonality axiom (£) is easily checked as well. By observing
that (z,y) N f = (z,0) and (x,y) Mt = (0,y) it is clear that the isomorphism
between L and P takes the nice form (z,y) — ((z,0), (0,y)) whence | f = L_
and [t & L. O

Lemma 6.4. If (S,M,U,0,1) is a frame and L_, Ly are subframes of S such
that {0,1} is contained in both of them then L is a pointed Scott domain.

Proof. Bounded completeness of L is trivial. A twofold application of the frame
distributivity law yields that L is also closed under directed joins. O

A generic instance of this is a bitopopogical space, that is a set S together
with two topologies 7_ and 7. It is crucial in this setting that the infinitary
join in both subframes is the same as the infinitary join in the power set of S,
as the following example illustrates.

Let S = P(X) be the power set of a topological space (X,7T) and let L_ = S
and Ly be the closed sets of the topological space X. By Lemma 6.3 the
resulting semilattice L is an element of the class psLat. The logical order on L
is complete. Indeed, if {(NV;, P;) };ics is a family of points in L then we can form
Micr Vi and U;c; Pi. the join of the P; in L, is obtained by the topological

ser Pi- To recover disjunctness we set <ﬂiel Ni\ User PisUier Pi> as
the logical join. Now suppose A C X is a non-open subset. Then the slice F'y

consists of all the pairs (4,C) with C closed and disjoint from A. Since A is
assumed to be non-open we know that A\ U<A}C>EFA C is strictly smaller than

closure |
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A, whence the slice F4 is not closed under logical joins. The same slice serves
as an example of a subset of L which is directed in the information order but
does not have an information join. Therefore completeness of the logical order
alone does not imply directed completeness of the information order.
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